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Abstract. Let G be a connected, simply connected scmisimple algebraic group over 
the complex number field, and let K be the fixed point subgroup of an involutive auto- 
morphism of G so that (G, K) is a symmetric pair. 

We take parabolic subgroups P of G and Q of K respectively and consider the product 
of partial flag varieties G/P and K/Q with diagonal AT-action, which we call a double 
flag variety for a symmetric pair. It is said to be of finite type if there are only finitely 
many A-orbits on it. 

In this paper, we give a parameterization of A-orbits on G/P x K/Q in terms of 
quotient spaces of unipotent groups without assuming the finiteness of orbits. As a 
result, we get several useful criteria for the finiteness of orbits. If one of P C G or 
Q C A is a Borcl subgroup, the finiteness of orbits is closely related to spherical actions. 
In such cases, the criteria enable us to obtain a complete classification of double flag 
varieties of finite type. As a consequence, we obtain classifications of A-spherical flag 
varieties G/P and G-spherical homogeneous spaces G/Q. 



Introduction 

Let G be a connected, simply connected semisimple algebraic group over the complex 
number field C. 

Let Pi (i = 1, 2, . . . , k) be parabolic subgroups of G and consider partial flag varieties 
Xp { := G/Pi of G. We are interested in the product of flag varieties Xp 1 x Xp 2 x • • • x Xp k , 
on which G acts diagonally. We say a multiple flag varieties Xp 1 x Xp 2 x • • • x % Pk is of 
finite type if it admits only finitely many G-orbits. It is an interesting problem to classify 
multiple flag varieties of finite type. According to a result of Magyar- Weyman-Zelevinsky 
( |MWZ99| IMWZOO] ) . k must be less than or equal to 3 if a multiple flag variety is of finite 
type and if G is of classical type. 
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Let us consider a triple flag variety Xp, x Ip 2 x X^. If P 3 = B is a Borel subgroup, 
then the triple flag variety is of finite type if and only if Xp 1 x Xp 2 is a spherical G- variety. 
For maximal parabolic subgroups Pi and P2, Littelmann classified such spherical double 
flag varieties ( |Lit94j ). For general parabolic subgroups P± and P2, Stembridge |Ste03] 
classified them completely. In |MWZ99| IMWZOO] , a classification of G-orbits on the triple 
flag variety Xp 1 x Xp 2 x Xp 3 was presented for type A and C if it is of finite type. 

Let K be a subgroup of fixed points of a non-trivial involution 9 of G. Take parabolic 
subgroups P of G and Q of K. Then we call Xp x Zq{= G/P x K/Q) a double flag 
variety for a symmetric pair (G,K), where Zq := K/Q (see |N011j ). The subgroup K 
naturally acts on Xp x Zq diagonally. This notion is a generalization of the triple flag 
varieties (see § |6]). 

In some cases, finiteness of G-orbits on a triple flag variety implies finiteness of i^-orbits 
on a double flag variety for (G,K). In |NQ11] . we investigated such situations and got 
two sufficient conditions for Xp x Zq to be of finite type. The first one is 

Theorem 1 ( |NQ114 Theorem 3.1]). Let P' be a 9-stable parabolic subgroup of G such 
that P' H K = Q . If the number of G- orbits on Xp x £e(P) x Xp* is finite, then there are 
only finitely many K -orbits on the double flag variety Xp x Zq. 

Here is the second one. 

Theorem 2 ( |NQ114 Theorem 3.4]). Let Pi (i = 1,2,3) be a parabolic subgroup of G. 
Suppose that Xp 1 x Xp 2 x Xp, A has finitely many G-orbits and that Q :— Pi n P2 is a 
parabolic subgroup of K . Then Xp 3 x Zq has finitely many K-orbits. 

Moreover, if P 3 is a Borel subgroup B and the product P1P2 is open in G, then the 
converse is also true, i.e., the double flag variety Xp x Zq is of finite type if and only if 
the triple flag variety Xp 1 x Xp 2 x Xp is of finite type. 

Using these two theorems, we can produce many examples of double flag varieties of 
finite type. However, a complete classification is not known yet. 

In this paper, we study K-orbit structure on a general double flag variety Xp x Zq which 
is not necessarily of finite type and, as a result, we get some efficient criteria for the finite- 
ness of orbits. Our method relies on the Bruhat decomposition and "KGB-decomposition" 
(i.e. , the il~-orbit decomposition of flag varieties; see § 12. 2j) . The set of .fT-orbits in Xp x Zq 
is decomposed into a finite disjoint union of some quotient spaces parameterized by el- 
ements of Weyl groups (or "Bruhat parameters") and "KGB-parameters". For each of 
these parameters, we construct a certain double coset space of unipotent subgroups re- 
lated to P and Q, which admits an action of a subgroup of Levi component of Q. The 
quotient spaces are obtained from this action. 

Though general description of the orbit space structure of K\(Xp x Zq) is much com- 
plicated, it becomes considerably simple if Q is a Borel subgroup of K. So let us give 
a parameterization of orbits in this special case here, and for a general case we refer to 
Theorem 12. 7\ which is the first main result of the paper. 
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Let B be a ^-stable Borel subgroup of G which contains a ^-stable maximal torus T, and 
W the Weyl group of G. We denote by Ub the unipotent radical of B so that B = TUb- 
We write Bk — B D K — TkUb k , a Borel subgroup of K. 

Theorem 3. Let P be a standard parabolic subgroup of G containing B, and Wp a 
subgroup of W corresponding to the Levi component of P. Then the K-orbits on the 
double flag variety are parameterized as follows: 

K\(X P x Z Bk ) ~ \\ ([w~ l Pw H Ub)\Ub/U Bk ) I T K , 
wew P \w 

where the maximal torus Tk of K acts on the double coset space via conjugation. 

Let us discuss finiteness of i^-orbits on the double flag varieties. If P or Q is a Borel 
subgroup of G or K respectively, we can do detailed analysis. 

If Q = Bk, Theorem [3] can be applied to get a criterion for Xp x Zb k to be of finite 
type (Corollary 14.3ft . In this case, a double flag variety Xp x Zp K is of finite type if and 
only if Xp is i^-spherical. Moreover, if we denote by O the closed .ff-orbit through the 
base point e ■ P in Xp (recall that we assume P contains the ^-stable Borel subgroup B), 
it is equivalent to say that the conormal bundle T@Xp (or the normal bundle TqXp) is 
spherical. In this respect, we can apply Panyushev's theorem to obtain that the conormal 
bundle T@,Xp (or the normal bundle To'Xp) is .fT-spherical for any J^-orbit O' if the 
flag variety Xp is .fT-spherical (see |Pan99j ). We refer the details to Theorem 14.51 As 
a consequence, we see that Xp x Zq is of finite type if and only if the action of Levi 
component of P D K on the fiber of TpXp at e • P is a multiplicity free action. Using 
the tables of multiplicity free actions by Benson- Rat cliff [BR96] . we obtain a complete 
classification of the double flag varieties Xp x Zp K of finite type in Theorem 17.31 in § [7J 

Theorem 4. Let G be a connected simple algebraic group. Then a double flag variety 
G/P x K/B K is of finite type if and only if it appears in Tabled The table also serves 
as a complete list of K -spherical partial flag varieties G/P. 

On the other hand, if P = B, a double flag variety Xb x Zq is of finite type if and 
only if G/Q is a G-spherical variety. In this case, Theorem 12.71 implies that a double flag 
variety is of finite type if and only if a certain linear action of a reductive subgroup of K 
is a multiplicity free action (Theorem 15. 2p . So we can again use tables in [BR96] to get 
a classification of such double flag varieties of finite type. See Theorem 18.31 and Table [31 
We note that if Xb x Zq is of finite type, then Xpi x Z Bk is also of finite type, where P' 
is a ^-stable parabolic subgroup of G such that P' D K = Q. 

Another motivation to study double flag varieties Xb x Zq of finite type comes from 
the theory of character sheaves. Character sheaves were first introduced by Lusztig [Lus] . 
There are certain C7-equivariant simple perverse sheaves on G, which provide a geometric 
theory of characters of a connected reductive group over an arbitrary algebraically closed 
field. 
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Recently, some generalizations of character sheaves have been studied. Finkelberg, 
Ginzburg and Travkin developed the theory of mirabolic character sheaves in |FG10j 
and |FGT09] . Following the work of Kato |Kat09j . Henderson and Trapa suggested the 
theory of exotic character sheaves in [HTllj . These character sheaves are certain K- 
equivariant simple perverse sheaves on V x G/K, where V is some K- module. Here 
in the mirabolic case, (G, K, V) = (GL n x GL n , (G f L n )di ag , C n ) and in the exotic case, 
(G, K, V) = (GL 2n , Sp n , C 2n ). A key ingredient is that there are only finitely many K- 
orbits on the generalized flag V x G/B. 

One may hope that there is a generalization of character sheaves on K/Q xG/K, which 
generalizes both the mirabolic character sheaves and exotic character sheaves. In order 
to do this, one first need to know when a double flag variety Xb x Zq has only finitely 
many ii~-orbits. We believe that the classification of double flag varieties Xb x Zq of finite 
type is a necessary ingredient for establishing the (conjectural) generalization of character 
sheaf theory. 

The Robinson-Schensted correspondence is a bijection correspondence between per- 
mutations and pairs of standard Young tableaux of the same shape. Steinberg gave a 
geometric interpretation of this correspondence, by showing that both sides naturally pa- 
rametrize the irreducible components of the Steinberg variety, which is by definition the 
conormal variety of the product of flag varieties. It is interesting to study a similar ques- 
tion for conormal variety of double flag of finite type. The mirabolic case was obtained by 
Travkin |Tra09] , Finkelberg-Ginzburg- Travkin |FGT09] and the exotic case was obtained 
by Henderson- Trapa |HTHj . in which they also made some conjectures relating the exotic 
Robinson-Schensted correspondence to exotic character sheaves. 

Acknowledgment. The authors thank Roger Howe for private communication about 
his note on if-spherical flag varieties with Nolan Wallach and Jozsef Horvath. 

1. Preliminaries 

1.1. Let G be a connected, simply connected semisimple algebraic group over the complex 
number field C and 9 a non-trivial involutive automorphism of G. We put K = G e = 
{g G G : 9(g) = g}, the subgroup of fixed elements of 9, which is connected and reductive 
by our assumption on G (see |Ste68t Theorem 8.1]). We denote the Lie algebra of G 
(respectively K) by q (respectively t). In the following, we use similar notation; for an 
algebraic group we use a Roman capital letter, and for its Lie algebra the corresponding 
German small letter. 

Let B C G be a ^-stable Borel subgroup and take a 0-stable maximal torus T in B. 
We consider the root system A = A(g,t), the Weyl group W = W G = N G (T)/Z G (T) 
with respect to T, and the positive system A + corresponding to B. Then A + determines 
a simple system n. Since B and T are ^-stable, 9 naturally acts on Wq and A, and 
preserves A + and n. 
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We say that a parabolic subgroup P of G is standard if P D B. There exists a one-to- 
one correspondence between the standard parabolic subgroups P and the subsets J C II; 
the root subsystem A j generated by J is the root system of the standard Levi component 
L of P. Notice that the ^-stable parabolic subgroups correspond exactly to the ^-stable 
subsets in II. If P corresponds to J, then we will write P = Pj and write Pj = LjUj 
for the Levi decomposition, where Lj is the standard Levi factor and Uj is the unipotent 
radical. We denote the Weyl group of Aj by Wj and put W J := W/Wj. For two subsets 
J, J' C II, put J W J := Wj\W/Wj'. In the following, we often take representatives of 
elements of W in N G (T) and regard If as a subset of Ng{T) or of G. Similarly, we 
take representatives of elements of W J , J W J in W and then in Ng{T) so that we have 
W J , J W J ' C N G (T). 

1.2. In this subsection, we assume that G is a connected reductive algebraic group over 
C. Let X be an irreducible normal G- variety. If X has an open 5-orbit for a Borel 
subgroup B of G, it is called a spherical variety and the G-action is called a spherical 
action. It is well-known that X is spherical if and only if there are only finitely many 
.B-orbits in X ( |Bri86l IVin86j ). The C7-action on X induces a G-action on the ring of 
regular functions C[X]. It is easy to see that if X is spherical, then the decomposition 
of C[X] into irreducible C7-modules is multiplicity-free. The converse is also true if X 
in an affine variety ( [VK78] ). If X is isomorphic to a vector space and the G-action is 
linear, C[X] can be identified with the symmetric algebra S(X*) of the dual space X*. 
We therefore have: 

Lemma 1.1. Let X be a finite- dimensional representation ofG. The following conditions 
are equivalent. 

(1) X is a spherical G -variety. 

(2) The dual space X* is a spherical G-variety. 

(3) The decomposition of the symmetric algebra S(X) into irreducible G-modules is 
multiplicity- free. 

(4) The decomposition of the symmetric algebra S(X*) into irreducible G-modules is 
multiplicity- free. 

Proof. The equivalences (1)^(4) and (2)<^(3) follow from [VK78] . We see 

oo 

Hom G (V, S(X)) = Eom G (V, S n (X)) 

n=0 

oo 

~ ($Kom G (V*,S n (X*)) = Eom G (V\S(X*)). 

n=0 



for every irreducible G-module V, where S n (X) denotes the n-th symmetric tensor of X. 
Hence we get the equivalence (3)<^(4). □ 
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2. Double flag varieties for symmetric pairs 

Suppose that G is a connected, simply connected semisimple algebraic group over C 
with an involutive automorphism 9 and let K := G e . Let P be a parabolic subgroup of G, 
and Q a parabolic subgroup of K. We denote the partial flag varieties G/P, K/Q by 3Cp, 
Zq, respectively. The product Xp x Zq is called a double flag variety for the symmetric 
pair (G, K). We say that a double flag variety Xp x Zq is of finite type if there are only 
finitely many orbits on the product 3Cp x Zq with respect to the diagonal .fT-action (see 
[NOTIj ). 

In this article, we study the structure of the orbit space K\(X P x Zq), and give a 
parameterization of orbits. As a consequence of the parameterization, we get a criterion 
to determine if the double flag variety is of finite type. 

It is known that there exists a ^-stable parabolic subgroup P' of G such that Q = P'nK 
( |BH00t Theorem 2]). Then by replacing P with its conjugate subgroup, we may assume 
that P and P' are standard parabolic subgroups for a ^-stable Borel subgroup B. We use 
notations in § 11.11 for our G, K, and B. Write J, J' C II for the subsets such that P = Pj 
and P' = Pj,. 

We parameterize K-orbits onlpx Zq using reduction by two well-known decomposi- 
tions: the Bruhat decomposition and the KGB decomposition. 
First we reduce the orbit space by the Bruhat decomposition. 

2.1. Reduction to Bruhat decomposition. Notice that there is a bijection 

K\(X P x Z Q ) ~ P\G/Q, K ■ (gP, kQ) ^ Pg^kQ ( g eG,ke K). (2.1) 
Since Q = K fl P', we have the following reduction map <3>. 
K\(X P x Z Q )^-^P\G/Q 

\ pr°j 

\ P\G/P> =]1 W€JWJ < PwP' 



JW J ' = Wj\WIWj, 

Thus the determination of the orbit structure K\(Xp x Zq) reduces to the analysis of 
the fiber 

^(w) ~ P\PwP'/Q (w e J W J '). (2.2) 
Let us fix w £ J W J ' in the following. We put 

P w ■= w ~ l Pw and P w n P' := w~ l Pw fl P' . (2.3) 
More generally, we write H 9 = g~ 1 Hg for any subgroup H C G and g G G. 
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Lemma 2.1. The map (P w nP')\P'/Q -»■ P\PwP'/Q given by (P w nP')aQ ^ PwaQ 
for a G P' is bijective. 

This is a consequence of a more general lemma below. In the lemma, G, H, H' refer 
general groups, which are different from the present notation. 

Lemma 2.2. Let G be a group and H, H' its subgroups. Let A C H' be a subset and g G G 
an element. Then the map (H 9 C\H')\(H g C\H')A ->■ H\HgA given by (H 9 f]H')a H> Hga 
for a G A is bijective. 

Proof. The surjectivity is clear. If Hgai = Hga 2 for a\,a 2 G A, then a 2 a^ G P 9 fl H' . 
Hence (H 9 fl H')a\ = (H 9 fl H')a 2 and the map is injective. □ 

We apply Lemma 12.21 in the setting where G = G, H = P, H' = P', A = P\ g = w. 
Taking quotients by right Q-action, we get Lemma 12.11 

2.2. Reduction to smaller symmetric spaces. The orbit structure K\(Xp x Zq) 
reduces to the structure of fibers 02.2p of the reduction map $ to the Bruhat decomposition 
P\G/P'. In this subsection, we further reduce it by the KGB decomposition for smaller 
symmetric spaces. 

Put L' K := L' fl K and consider P w fl P, which is a parabolic subgroup of L' by 
|Car85t Proposition 2.8.9]. Then L' K is a symmetric subgroup of P, and it is known that 
(P w PI L')\L'/L' K is a finite set. Let us denote this finite set by f(w) for w G J W J ' . 

Lemma 2.3. The map 

y w : {P w n p')\p'/Q -> (p w n l')\l'/l' k = y{w) 

given by (P w (iP')aQ^ (P w n L')bL' K is well-defined, where a = bu G PP' = P' f/ie 
Lem decomposition. 

Proof. We put P^ := U' D K, and let us consider the following diagram. 

(P w n P')\P'/Q — ^ (P w n P')\L'U'/L' K U' K 




(P w n L')\L'/L' K = V(w) 

Here a bijective map 

t : (P™ n L')\L'/L' K -)• (P 10 n P')\L'U'/L' K U' (2.4) 

is induced by the inclusion P ^ PP' and the second vertical arrow in the diagram is the 
inverse of i. The bijectivity of t is deduced from the following general lemma. 
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Lemma 2.4. Let L\ x U\ be a semidirect product group of two groups L\ and U\. Let 
L2, L 3 C Li and U 2 C U± be subgroups and assume that L 2 normalizes U 2 so that L 2 x U 2 
is a subgroup of L\ x U\. Then the natural inclusion map induces the following bijections: 



L 2 \L\/ L 3 



L 2 \(AC/i)/(L 3 C/i) 



(IvUJMLi^/iLsU!). 



Proof. It is easy to see that the both maps are well-defined and surjective. So it is enough 
to see that the composite map is injective. 

Suppose 1,1' G Li satisfy L 2 U 2 IL 3 U\ = L 2 U 2 V L 3 U\. This means that there exist 
l 2 G L 2 , l 3 G L 3 , u 2 G U 2 , ui G U\ such that /' = (l 2 u 2 ) I (Z3W1), or equivalently /' = 
(h I h) (((I h)" 1 u 2 (I l 3 ))ui) G L\ k U\. By the uniqueness of the semidirect product 
decomposition, we have V = l 2 l l 3 and hence V G L 2 l L 3 . □ 

To see that the map 1 in (12 .4p is bijective, we use Lemma 12.41 in the setting where 
L 1 = L', E/i = U', L 2 = P w n L f , U 2 = P W H U', L 3 = L' K . Note that 



p w n p' = (p w n V) x (p w n u') 

holds (see [Car85l Theorem 2.8.7 and Proposition 2.8.9]). 
Let us summarize the above situation into a diagram: 

PwaQ P\PwP'/Q — — - (P w f]P')\P'/Q 

projection 



□ 



9 (P w nP')aQ 



(P w nL')bL' K e (P w n L')\L'/L'j 



K 



(P w nP')\P'/QU' 9 {P w C\P')bQU' 



where a = bu G L'U' is the Levi decomposition. Let us take representatives of Y(w) = 
(P w fl L')\L'/L' K from L' and identify them with "V{w) in the following. We would like 
to analyze the fiber *~ 1 (w) = P\P wv U'Q/Q for v G Y{w). 



2.3. Parameterization of orbits on the double flag variety. Now we get a rough 
parameterization of orbits, first by the Bruhat decomposition P\G/P' ~ J W J , then next 
by the KGB decomposition for the smaller symmetric space L'/L' K . 

The following lemma describes the fiber \l/~ 1 (w) = P\P wvU'Q/Q for v G "V{w). 

Lemma 2.5. Let w G J W J ' and v G 'f'iyS), which are identified with their representa- 
tives. 

(1) = P\Pwv U'Q/Q ~ (P wv DP')\(P WV HP') U'Q/Q. 

(2) We can define the following surjective map: 

(P wv nu')\u'/u' K — - (P wv nP')\(P wv nP') U'Q/Q 



(P wv nu')uU' K h 
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(3) The above surjection factors through to a bijection 

((P wv nu')\u'/U' K ) j (P wv nL' K ) (P wv n P')\(P WV n P')U'Q/Q. 

Notice that P wv D L' K normalizes P wv D U' and U' K , hence the conjugation action of 
pwv p| jj^ Qn jji i n( i uces an action on (^pwv p| jjiy^iji /JJ' K . The corresponding quotient 

space is the one we considered above. 

Proof. (1) This follows from Lemma [2.21 

(2) Since P wv n U' C P wv n P' and U' K C Q, our map is just a projection. 

(3) We use the following general lemma, in which the notations are independent of the 
rest of the arguments. 

Lemma 2.6. Let L\ x U\ be a semidirect product group of two groups L\ and U\. Let 
L2, L 3 C L\ and U 2 , U 3 C U\ be subgroups and assume that Li normalizes Ui for i = 2, 3 
so that L2 x U2 and L3 x U3 are subgroups of L\ x U\. 

(1) The conjugation action of the group L2 H L3 on U\ by u 1— >■ lul~ l induces a well- 
defined action of L 2 D L 3 on U2\Ui/U 3 . 

(2) The natural map U 2 \U 1 /U 3 -> (L 2 t/ 2 )\(L 2 [/ 1 L 3 )/(L 3 f/3) ; f/ 2 nf/ 3 ^ (L 2 U 2 )u{L 3 U 3 ) 
induces a bijective map 

V ■ (tf 2 WiM)/(£2 n L 3 ) — {L2U2)\{L2U l L 3 )/{L 3 U 3 ). 

Proof. The claim (1) is obvious. 

Let us prove (2). The surjectivity of is clear since we can always take a representative 
of the right-hand side in U±. We give a proof of injectivity. For u, v! G Ui, let us assume 
that (L2U2) u (L 3 U 3 ) = (L2U2) u' (L 3 U 3 ) . Then there exist Z 2 w 2 G L 2 C/ 2 and l 3 u 3 G L 3 ?73 
such that u' = (/ 2 w 2 ) u (l 3 u 3 ). We rewrite it as 

u = {kh)^ 1 u 2 ul 3 )u 3 ) G L X U X . 

By the uniqueness of the semidirect product, l 2 l 3 = e and v! = (l 3 x u 2 u l 3 ) u 3 . Therefore, 
we have l 2 = l 3 l G L 2 fl L 3 and 

u' = (l 2 u 2 l^ 1 ) (l 2 u l? 1 ) u 3 G U 2 (l 2 u l? 1 ) U 3 . 

This shows u' G [L 2 fl L 3 ) ■ (U 2 u U 3 ), where • denotes the conjugation action. □ 

To prove Lemma [2.51 (jHJ), we apply Lemma [2.61 (2) in the setting where 

L X = L', L 2 = P wv nL', L 3 = L' K , U 1 = U', U 2 = P WV DU', U 3 = U' K . 

We need to use again P wv n P' = (P wv n V) x (P wv n U') f [Car85l Theorem 2.8.7 and 
Proposition 2.8.9]), and Q = L' K U' K . □ 

Lemma [231 with two reductions (§§ 12. II and 12.21) gives us a parameterization of K-orbits 
on the double flag variety lp x Zq. 
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Theorem 2.7. Let P = Pj and P' = Pj> be standard parabolic subgroups ofG and assume 
that P' is 9-stable with the standard (9 -stable) Levi decomposition P' = L'U' . Define Q := 
P'HK, which is a parabolic subgroup of K , and put L' K := L'HK, U' K := U'DK. 

(1) The K -orbits on the double flag variety Xp x Zq = G/P x K/Q are parameterized 
as follows: 

k\(x p x z Q ) ~ J] J] ((p™ n u')\u'/u' K ) I p™ n l' k , 

Here we write J W J ' := Wj\W/Wj,, "f{w) := (P w H L')\L'/L' K and identify them with 
their representatives. 

(2) The double flag variety Xp x Zq is of finite type if and only if for any w 6 J W J and 
v G y{w), the conjugation action of P wv nL' K on the double coset space (P wv nU')\U' jU' K 
has only finitely many orbits. 

Proof. The claim (1) was already proved. Since J W J ' is a finite set and Y{w) is also finite 
for any w G J W J , the claim (2) follows. □ 

Corollary 2.8. The double flag variety Xp x Zq is of finite type if and only if for any 
g G PWL' , the conjugation action of P 9 C\L' K on (P 9 nU')\U' /U' K has only finitely many 
orbits. 

Proof. This is obvious from Theorem 12.71 once one knows 

y y pwvl' k = y p w u = pwu. 

we J w JI ver(w) w€ J w J ' 

□ 

3. Linearization of unipotent double coset spaces 

In this section, we study the unipotent double coset spaces appearing in Theorem 12 .71 
We will prove that the double coset space can be reduced to the quotient space of a linear 
space by a linear action under certain assumptions. 

Let U be a unipotent group on which the torus T 1 = C x acts by group automorphisms. 
Let us denote by p : T 1 — > Aut U the given action. Then T 1 acts on the Lie algebra 
u = Lie U by differential, which we also denote by the same letter p. 

We assume the following throughout this section: 

Assumption 3.1. The weights ofT 1 on u are all positive. 

Lemma 3.2. Let u = Ui © ■ • • © u n be a decomposition of u as a T 1 -module. Then the 
map 

(f : Ui © ■ ■ • © u n *- U 



is bijective. 



(Xl, . . . , X n ) i ^ exp Xf ■■ exp X, 
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Proof. By the standard arguments of Lie theory, we can take neighborhoods (with respect 
to the classical topology) G tDj C Uj for i = 1, . . . ,n and e G W C U such that the 
restriction of tp to tt»i X • • ■ x w n gives a homeomorphism 

roi x • • • x rv n — >■ W c U 

(Xi, . . . , X n ) i ^ exp Xi ■ ■ ■ exp X n . 

Let us prove that p is surjective. Take u G U . Then there exists t G T 1 such that p(t)u G 
W. Indeed, since U is unipotent, the exponential map exp : u — > U is a T 1 -equivariant 
isomorphism. So we can find Z G u such that w = exp Z. Since the weights of T 1 are all 
positive, there exists t G T 1 such that p(t)Z is small enough to be contained in logW, 
where log is the inverse map of exp. Thus we get p{t)u = p(t) exp Z = exp(p(t)Z) G W. 
Now we can choose (Z ly . . . , Z n ) G tDi x • ■ • x vo n such that p(Zi, . . . , Z n ) = p{t)u. From 
this, we conclude that (^(p(t _1 )Z 1 , . . . ,p(i _1 )Z n ) = u. 

The injectivity can be proved in a similar way. □ 

Let U and T 1 be as above. Let U\,Ui C £7 be subgroups of U which are stable under 
the action of T 1 . Take a decomposition u = (vii + U2) © 53 as a T 1 -module. We further 
assume that 23 is stable under the adjoint action of U\ fl U2- 

Proposition 3.3. Under the above notations and assumptions, the map 

$ : 93/(c/i n u 2 ) -> 

g'zven fry (f/i fl L^) ■ Z >->• ?7i(exp Z)t/2 «s bijective. Here U\ fl ^2 acts on 03 fry t/ie adjoint 
action. 

Proof. We take a Testable complementary subspace tt)j (i — 1, 2) of Ui fl U2 in Uj so that 
Ui = tDj © (ui fl u 2 ) is a decomposition of a T 1 -module. Then we have a decomposition of 
u as 

u = txh © 03 © (iii n u 2 ) © ro 2 . 

By applying Lemma 13.21 to this decomposition, we see that every element u G U is 
uniquely written as u = Ui(exp Z)u 3 u 2 where U\ G exptDx, Z G 53, w 3 G U\ fl f/ 2! and 
m 2 G exptD 2 . Therefore, the map $ is surjective. To prove the injectivity, suppose that 
exp Zi = Ui(exp Z 2 )u2 for Z x , Z 2 G 03 and G Ui (i — 1,2). By Lemma [3.21 again, we 
have ui = u"u[ where u'{ G exp(tt)i) and u[ G exp(ui D u 2 ) = U\ fl U 2 . Also we can write 
u 2 = u' 2 u' 2 ' where u' 2 G U\ H U 2 and m 2 ' G exp(ro 2 ). Then we can compute as 

«i (exp Z 2 ) u 2 = ulu'^exp Z 2 ) u 2 u 2 

= u"(exp Ad(w' 1 )Z 2 ) (u^u^u 1 ^ G exptDi exp 03 exp(ui fl u 2 ) expro 2 - 



Since the decomposition is unique, we get Z\ = Ad(u' l )Z 2 , which shows Z\ and Z 2 are in 
the same kA{XJ x n ?7 2 )-orbit. □ 
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In general, we cannot apply Proposition 13.31 directly to Theorem 12.71 (ED) because our 
assumptions do not hold. However, there are some special cases where we can apply it, 
which we will discuss in the following sections. 

4. Spherical action of a symmetric subgroup on a partial flag variety 

Under the setting of § [21 we now assume that P' = B so that Q = B n K =: Bk is a 
Borel subgroup of K and the double flag variety is Xp x Zp K = G/P x K/Bk- 

We take a ^-stable maximal torus T as in § [1], and denote by B = TUb a Levi decom- 
position of B (U B denotes the unipotent radical of B). In our former notation, 

p> = B = TU B = L'U', 

Q = B K = T k U Bk = L' K U' K (T K =Tn K, U Bk = U B nK), 

J W J ' = 3 W % =: J W 3 w, 

P w n V = P w n T = T (for any w G J W), 

V(w) = (P w n L')\L'/L' K = T\T/T K = {e}, 

p wv n l' k = t k , p w nu' = P w n u B . 

Then Theorem 12.71 (1) in this case can be written as follows. 

Theorem 4.1. Let P = Pj be a standard parabolic subgroup ofG and Bk a Borel subgroup 
of K. Then the K-orbits on the double flag variety are parameterized as follows: 

K\(X p xZ Bk )~ ]l {[w^PwHUb^Ub/Ub^ j T k . (4.1) 

w£ J W 

Remark 4.2. If rankG = rank if, then we have T = Tk- 

Since Bk is a Borel subgroup of K, the flag variety G/P has only finitely many Bk- 
orbits if and only if it has an open dense -B^-orbit, i.e., 

Xp x Z Bk is of finite type 

<^=^> Xp = G/P is if-spherical 

<^=>- there exists an open dense .Bff-orbit on Xp 

there exists an open dense A'-orbit on Xp x Z Bk - 

Thus to see whether the double flag variety is of finite type, we can concentrate on the 
fiber of the longest element of J W := which corresponds to the open stratum of 

the Bruhat decomposition P\G/B. Denote by Wq G W the longest element in the Weyl 
group and put 

r := -Wo(J) C II, (4.2) 
Pj* = Lj*Uj* : Levi decomposition, 

w^Pwo CiUb = Lj* DUb = Ulj* '■ a maximal unipotent subgroup of Lj*. 
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With this notation, we can state an immediate consequence of Theorem 14.11 

Corollary 4.3. £p x Zp K is of finite type if and only if the conjugation action ofT^ on 
Ul,*\Ub/Ub k has only finitely many orbits. 

The condition of the corollary above reduces to a linear action by using Proposition 13.31 
Now let us prove the following key lemma. 

Lemma 4.4. (1) The group Lj* R K = Lj* n g(j*) R K is a connected reductive group, 
and it acts on Up JJt D Q~ B by the conjugation action. 

(2) The exponential map induces an (Lj* R K)-equivariant bijective map 

(u Pj *nQ- e )/(B K nLj*) — ((UbCiLj^Ub/Ubk) I T K , 

where B K R Lj* acts on Up Jic R Q~ e by the adjoint action. 

(3) Bk R Lj* is a Borel subgroup of Lj* R K . 

Proof. (1) It follows that Lj* nK = Lj* R L^j*) H K = Lj* ne( j*) R LL Then Lj+^j^nK 
is a Levi component of the parabolic subgroup Pj*ne(j*) R K of K. Hence it is connected 
and reductive. Since Lj* normalizes up Jt and K normalizes g~ e , the intersection Lj* R K 
acts on Upj* R g~ e . 

(2) We use Proposition 13.31 by taking U = Up, U\ = Ub H Lj* and C/ 2 = Ub k - Since 
Tr- contains a regular element of G, we can take a subtorus T 1 = C x in so that the 
weights in u = are all positive. Then Up R lj* and Up x = u e B are stable under T 1 . We 
have 

Ui = Ub R lj*, 

u 2 = u Bk = u B , 

ui R u 2 = (u B R h*) R u Bk =u e B n lj* = u e B r) (lj* R tyj*)), 

ui + u 2 = (u B R lj*) + u| = (u B n (lj* + l e( j*))) + u%, 

upj* R = u Pj . R u Pe(jyt) R g~ 9 , 

u = up = (up R (lj* + l e(J *))) © (u Pjyt R Up^j) = (ui + u 2 ) © (u P/ , R g- e ). 

Here up JJt is the nilradical of pj* = Lie Pj*. Since Li R f/ 2 = £/p A , R Lj* is contained in 
K R Lj*, it acts on Up jyt R g~ e via the adjoint action by (1). Now we take 2J = Up Jir R g" 61 
in Proposition 13.31 and conclude that the exponential map induces a bijective map 

(u Pji , R Q- e )/(U BK R Lj*) — (f/ B R Lj*)\U b /U Bk . 

The torus TV acts on the both hand sides by the adjoint (or conjugation) action and we 
see that 

(u Pj , Rg- e )/(L^RLj*) — ((£7pRLj*)W% K ) / T K , 
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which is the claim in (2). 

(3) We know B K n Lj* = (B n Lj* n 0(j*)) n if by (1). It is clear that B n Lj* n0(J *) is 
a ^-stable Borel subgroup of Lj* n g(j*y So it cuts out a Borel subgroup of (Lj* ne ^j*^) e = 
Lj*ne(j*) n K = Lj* ft if. □ 

By Corollary 14. 3[ the double flag variety Xp x Z Bk is of finite type if and only if 

#((C/ fl n Lj*)\U b /U Bk } I T K < oo (4.3) 

holds. On the other hand, by Lemma 14.41 there is a bijection between the T^-orbit space 
of the double cosets (U gfl L j*)\V b /U b k and the quotient space (up Jir fig -61 ) j (B K (~]Lj*). 
Note that the reductive group (L j*) e = Lj* HK acts on up Jt D g -6 * by the adjoint action. 
Since B K C\Lj* is a Borel subgroup of Lj*C\K, the finiteness of orbits in ( 14. 3 p is equivalent 
to that u Pjic fl g~ e is (Lj* D if )-spherical. 

Note that Pj* fl 9(Pj*) = Pj*ne(j*) is a ^-stable parabolic subgroup. Since Pj* Pi if — 
Pj*ne(j*) H if holds, Pj* cuts a parabolic subgroup from if. Thus the if -translates of Pj* 
in Xpj* form a closed if -orbit O ~ K/(Pj* D if). Let us consider the conormal bundle 
over (9 in the cotangent bundle T*Xp Jir , which is denoted by TgXpj*. Then the fiber of 
this conormal bundle at the base point Pj* G Xp Jt is (q/(Pj* + £))*, which is identified 
with Up Jt fl g~ e = (up J ^ fl Up^j*^" 9 via a non-degenerate invariant bilinear form on g. 
With this notation we see 

T*£ Pj , ~ if x PjinK (u Pji , n 0" 9 ). 

If fc G if is a representative of the longest element of the Weyl group for if, then 
(B K ) k (Pj* fl if) is open in if and (B K ) h fl Pj* is a Borel subgroup of L j* fl if. Here 
(Bx) k '■= k~ 1 Bxk. Therefore, a Borel subgroup of Lj+DK has an open orbit on up Jir fig -9 
if and only if the conormal bundle TqXp^ is if -spherical. 
We summarize the results into the following theorem. 

Theorem 4.5. Let Bk be a Borel subgroup of if and P = Pj a parabolic subgroup of G. 
Put J* = —wo(J), where wo is the longest element in the Weyl group W . Let O C Xp Jic be 
the closed K-orbit through the base point Pj* G Xp Jt . Then the following five conditions 
are equivalent. 

(1) The double flag variety Xp x Zp K = G/P x K/ Bk is of finite type. 

(2) The adjoint action of Lj* fl if on \\p Jic fl g~ e is spherical. 

(3) The coadjoint action of Lj* fl if on (up Jt fl Q~ e )* is spherical. 

(4) The conormal bundle TqXp^ is if -spherical. 

(5) The normal bundle ToXp Jt is K-spherical. 



Proof. We have already explained the equivalence of (1), (2), and (4). The equivalence of 
(3) and (5) can be proved in a similar way. The equivalence of (2) and (3) follows from 
Lemma 11.11 □ 
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We can employ a similar argument by using the opposite Borel subgroup instead of 
B. Let B~ be the Borel subgroup corresponding to the negative roots — A + and Ug 
its unipotent radical. Then it turns out that G/P is PC-spherical if and only if ((Pn 
Ub)\Ub / (Ug l~l PC)) / Tk is finite. Define uj, as the nilradical of the opposite parabolic 
subalgebra of p so that q = Up©p. Then we can conclude that ((Pf^U^)\U^ / (UgDK)) j 
Tk is finite if and only if UpC\Q~ is (L fl PT)-spherical. Let O be the closed PC-orbit in Xp 
through P. Then the fiber of normal bundle TqXp at P G Xp is isomorphic to fl/(|J + 6) 
and it is identified with Up fl g~ e via an invariant form on g. As a consequence, Xp is 
PC-spherical if and only if TqXp is PC-spherical. 

Now we can conclude: 

Theorem 4.6. Let us use the same notation as in Theorem \4-5\ Then the following are 
all equivalent. 

(1) The double flag variety Xp x Zp K = G/P x K/ B^ is of finite type. 

(2) Xp = G/P is K-spherical. 

(3) Xp n = G/Pj* is K-spherical. 

(4) The adjoint action of L fl K on Up fl is spherical. 

(5) For the closed K-orbit O C Xp through the base point P G Xp, the normal bundle 
TqXp is K-spherical. 

Proof. We saw above the equivalence of (1), (2), (4), and (5). The equivalence of (3) and 
(5) follows from Theorem 14.51 □ 

Remark 4.7. The equivalence of (1) and (5) can be also deduced from |Pan99} Theo- 
rem 2.1]. 

We note that actions on the fiber of a conormal bundle has much to do with Springer 
fibers. See [BZU8] and jSYnH] . 

5. Spherical fiber bundle over affine symmetric space 

In this section, we consider the case where P = B is a Borel subgroup so J = in our 
previous notation and the double flag variety is Xp x Zq = G/B x K/Q. Recall that we 
have assumed that B is ^-stable. 

We summarize the notation here, which is adapted to the present situation. 

J W J ' = W J ' 3 w, 

P w n U = w^Bw n 11 : a Borel subgroup of L', 

y{w) = (P w n L')\L'/L' K = (w^Bw n L')\L'/L' K 3 v : a representative in L\ 

P wv n L' K = (U n (wv^Bwv) D K, where L '^{wv)' 1 Bwv runs over all the Borel 

subgroups in L' up to L^-conjugacy, 

p wv n u' = {wv)- x Bwv n u' = v^iw^Bw n u')v = v-\u' n w^Upw^. 
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Thus we have 
hpwv n u')\U'/U' K \ I (P WV C\L' K ) 

~ (([/' n {wvy l u B wv)\u' /u' K ^j j (l' n (wv)~ x Bwv n a), 

where := C/' n A'. So Theorem 12.71 §B) becomes 
K\(X B x Z Q ) ~ ]J ]J (([/' n (wv^Ubvw^U'/U'k) j {Ll H (wv^Bwv n A). 

Since x is of finite type if and only if G/<3 is G-spherical, we concentrate on the 
existence of an open P-orbit in G/Q. Take the longest element wq G so that 

P' n w^UbWq = {e} and P n w^Bwq = L' HB~, 

where B~ denotes the opposite Borel subgroup corresponding to A~ = — A + . Therefore, 
we get 

(P W0V nU')\U'/U' K = U'/U' K and P w ° v n L' K = v _1 (L / D B~)v n A. 

Since ^(w ) = (L'(~)B~)\L' / L' K and (PnP~)\P is the full flag variety of P, the subgroup 
v~ l (L' fl P~)w G ~i / {w)) runs over all the Borel subgroups of P up to L^-conjugacy. 

Let us recall some general facts about the double coset space B\G/K. Afterward, we 
will apply it to the double coset space (P fl B~)\L' / L' K . 

A parabolic subgroup P of G is called (9-split if P fl 6(P) is a Levi component of P. It 
is known that there exists uniquely a minimal #-split parabolic subgroup of G up to A- 
conjugacy. Let P m i n be a minimal #-split parabolic subgroup of G and we take a ^-stable 
maximal torus T in P mm . Put A := expt _£l and M := Zk(A), the centralizer of A in A. 
Then it follows that P min n A = M and P m i n = MAN, where N is the unipotent radical of 
-Pmin- The following lemma is well-known (see {HW93j Proposition 9.2] for general case). 

Lemma 5.1. For v G G, the set BvK is open in G if and only if there exists a minimal 
9-split parabolic subgroup P m i n that contains v~ l Bv. 

If v~ l Bv C P m in, then v~ 1 Bv D A = (i> _1 Pt> fl M)AN and the identity component of 
v~ x Bv fl M is a Borel subgroup of the identity component of M. 

Now we specialize Theorem 12.71 to the present case. Since u' is ^-stable, we have 
a decomposition u' = u' K © (u')" 6 *. Therefore, we get an P x -equivariant isomorphism 
(u') _e ~ U' /U' K via the exponential map. 

Theorem 5.2. Let P' be a 9-stable parabolic subgroup of G such that P' fl A = Q. We 
denote by P' = L'U' the standard Levi decomposition. Let P min be a minimal 9-split 
parabolic subgroup of Ll and put M' := P min H A. Then the following four conditions are 
all equivalent. 

(1) The double flag variety Xb x Zq = G/B x A/Q of finite type. 
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(2) The homogeneous space G/Q is G-spherical. 

(3) U'/(U' H K) has only finitely many (By D K)-orbits for any Borel subgroup By of 
V. 

(4) The adjoint action of the identity component M' Q of M' on (u')~ e is spherical. 

Proof. The equivalence of (1), (2) and (3) has already been proved. 

Let us take a Borel subgroup By C L' which is contained in P^ in . Then the iden- 
tity component of By D K is a Borel subgroup of M' . Since (u')~ e is L^-equivariantly 
isomorphic to U'/(U' C\K), the condition (3) implies (4). 

Conversely, the condition (4) implies (3) for the case where By corresponds to the open 
L'^-orbit of L! j [L! n B~~). Hence it shows the existence of an open P-orbit in G/Q. □ 

Corollary 5.3. If the double flag variety Xp x Zq is of finite type, then the double flag 
variety Xp> x Zp K is also of finite type. 

Proof. By Theorem 15.2} the adjoint action of M' Q on (u')~ e is spherical. Since M' C L' K , 
we conclude that Xp> x Z Bk is of finite type by Theorem 14.61 □ 



6. Triple flag varieties 

Let us take three parabolic subgroups Pi, P2 and P3 of G. If one considers G = GxG 
and an involution #2) = (<72> gi) of G, the symmetric subgroup IK = G 9 is the diagonal 
subgroup diag(G) C G. Thus (G x G, diag(G)) is a symmetric pair. Then P = Pi x P 2 is 
a parabolic subgroup of G and Q = diag(Ps) is a parabolic subgroup of K. Therefore our 
double flag variety becomes 

G/P x K/Q = (G x G)/(P l x P 2 ) x (diag(G)/ diag(P 3 )) ~ X Pl x X Pa x X P3 , 

which is a triple flag variety for G. So the double flag variety for symmetric pair is a 
generalization of the triple flag variety. We can take a parabolic subgroup P' = P3 x P 3 
of G so that FflK = diag(P 3 ) = Q holds. 

A triple flag variety X Pl x Xp 2 x Xp 3 is said to be of finite type if there are only finitely 
many G-orbits in it. Note that this terminology agrees with that of the double flag variety 
for symmetric pair. 

If T is a maximal torus of G, then T = T x T is a maximal torus of G. The root system 
of G with respect to this T is decomposed as Aq = A^ 1 ' U A^ 2 \ where A^ denotes the 
roots of the first factor and A^ 2 ^ denotes the roots of the second factor. For a parabolic 
subgroup Pi of G, there corresponds to a subset Jj of the set of simple roots IT. We put 
J = U Here jf ] is a copy of J t in A® for i = 1, 2. 
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Let us specialize what we have already proved to the case of triple flag variety. In order 
to do this we will give a list of notations, which tells the correspondence of concepts. 

P\G/P = (Pi\G/P 3 ) x (P 2 \G/P 3 ) 

~ J W J ' = Jl W Ja x J 'W J * 3w = (w 1 ,w 2 ), 
U = L 3 x L 3 d h' K = diag(L 3 ), 
V' = U 3 x U 3 , 

p w nf = w _1 Pw nr' = (w^PiW! n P 3 ) x ( w ^P 2 w 2 n P 3 ), 
p w nL' = w _1 Pw nL' = O^Pi^i n L 3 ) x (w^ l P 2 w 2 n L 3 ), 

(P w n L')\L'/I^ = ((Pr n L 3 ) x (P- 2 n L 3 ))\(L 3 x L 3 )/diag(L 3 ) 

® (Pr n L 3 )\L 3 /(Pp n L 3 ) = r(w) 3 «. 

In the case of triple flag variety, the quotient of smaller symmetric space (P w PI h')\h' /U^ 
is just a usual Bruhat decomposition. So we can take a representative u of Y(w) from 
the Weyl group Wj 3 , and we further identify it with an element in Nt(L 3 ) C L 3 . Note 
that, in the previous sections, y(w) is considered as a subset of L 3 x L 3 . Through the 
bijection (*) above, we get a correspondence between them. 

((Pf 1 H L 3 ) x (P™ 2 n L 3 )) ■ (v, e) ■ diag(L 3 ) ► (Pf 1 n L 3 ) • v • (P™ 2 n L 3 ) (v e W Js ). 

Put v = (v, e) G L 3 x L 3 . 

Let us continue reinterpreting the notations: 

P wv n v , = v -i w -i Pwv n hj/ = (u-i^-ip^^ n t/ 3 ) x {w 2 x P 2 w 2 n t/ 3 ), 
p wv nL^ = v _1 (P w n L> n 14, 

= diag(L 3 ) n ((v-^w^PxWxV H L 3 ) x (w^P^ n L 3 )), 
= diag(Pf 11 ' n P™ 2 n L 3 ) D diag(T). 

We therefore get 

(P wv n W)\V/U' K = ((Pr n Z7 3 ) x (P 2 - 2 n U 3 ))\(U 3 x *7 3 )/diag(C/ 3 ) 

^(pr i,J nf/ 3 )\t/ 3 /(P 2 u ' 2 nt/ 3 ). 

On this last double coset space, the group P^flP^ 2 flL 3 ~ P wv nL^ acts by conjugation. 

Theorem 6.1. Let Pi,P 2 ,P 3 be three parabolic subgroups of G. Then the diagonal G- 
orbits on the triple flag variety can be described as 

G \ (G/p x g/p 2 x g/p 3 ) ~ \\ ((A n u 3 )\u 3 /(P 2 n u 3 )) I (A n A n L 3 ), 
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where (P 1 ,P 2 ,P 3 ) runs over all the triples (P™ lV , P 2 \ P 3 ) for Wi E Jl W Jz , w 2 G j2 W Ji , 
and v G y((wi, w 2 )). 

Let us consider the special case where P3 = B is a Borel subgroup. In this case 
Pi fl P2 fl L 3 = T is a maximal torus of G and we have 

G \ (G/P 1 x G/P 2 x GjB) ~ ]J ((A n U B )\U B /(P 2 n Z7b)) / T. 

Also by applying Theorem 14.51 to the present case, we conclude that: 

Corollary 6.2. ^4 £npie /Zag variety GjP\ x G/P2 x G/P is of finite type if and only if 
u Ji Huj 2 zs L Jin j 2 -spherical. 

The triple flag varieties GjP\ x G/P2 x G/P of finite type (or equivalently the G- 
spherical double flag varieties G/P\ x G/P 2 ) were classified by Stembridge |Ste03j in 
connection with multiplicity-free tensor product of two irreducible G-modules. 

Theorem 6.3 ( [Ste03j ). Let G be a connected simple algebraic group. Let Pi,P 2 be 
parabolic subgroups of G corresponding to sets of simple roots J\,J 2 £ IT, respectively. 
Then the triple flag variety GjP\ x G/P2 x GjB is of finite type if and only if the pair 
(IT \ Jx, IT \ J 2 ) appears in Tabled up to switching J\ and J 2 . 

If we assume further that P2 is a Borel subgroup, we see from Table [TJ that: 

Corollary 6.4. Let G be a connected simple algebraic group and P a parabolic subgroup. 
Then the triple flag variety G/P x GjB x GjB is of finite type if and only if G = SL n 
and G/P is isomorphic to the projective space of dimension n — 1 {i.e. P is a mirabolic 
subgroup ofG). 

Remark 6.5. Recently Tanaka |Tanl2] proved that G/P\xG/P 2 is G-spherical if and only 
if the action of a compact real form of G on GjP\ x G/P2 is strongly visible. 



s 


(II \ Ji, II \ J 2) up to switching J\ and J 2 


st n +i 


cti a 2 a n 


({a*}, {aj})(yi,j), ({ai, a;}, {aj})(Vi, j), 

({ai,a n }, {aj})(yi,j), ({ai,a i+ i}, {aj})(Vi,j), 

({a h aij}, {a 2 })(Vi, j), ({a u aj}, {a„_i})(Vz, j), 

({ai},any), ({a n },any} 


502n+l 


ai a 2 a n _x a n 
>o 

({ai}, {a 4 })(Vz), ({a n },{a n }) 
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{a u a n ^i})(\/i) 


, ({ai}, {ai,a„})(Vi), 




({«n-i}, {ai,a 2 }) 


, ({a n }, {ai,a 2 }), 




= n- 


■1, 


{j, ^} C {l,n- l,n}), 




(({a 3 }, {a 2 , a 4 }), ({"4}, {«2, "3}) if ra = 4) 




ai a 2 




a n -i a n 


({ai},{ai})(Vi), ({a n },{a n }) 






0: 2 



e 6 


— 


— c 


3 






<" v l 




({a i },{a j })(i = l,6 J jV4), 


({ai},{ai,a 6 }), ({a 6 }, {«i, "e}) 




a 2 







ai «3 




as as aj 


c 


!> — 


— 










({a 7 }, {ai}), ({a 


7}, {«2}), ({«7}, {«7}) 



Table 1: GjP x x G/P 2 x G/B of finite type 



7. Classification of K-spherical G/P 

In this section, we give a classification of the triples (G, K, P) such that G/P x K/B>k 
is of finite type, where 5^ is a Borel subgroup of K. It is known that any symmetric 
pair (G, K) with G connected, simply connected, and semisimple is a direct product of 
symmetric pairs (G, K) such that 

• G is simple, or 

• G = G' x G', K = diagG", and G' is simple. 
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We note that there is a symmetric pair (G' x G',G' S ), where s is an automorphism of 
G' and G' s = {(g,s(g)) : g G G'}, but it is isomorphic to (C x G', diag(G")) by the 
map G" x G 1 — > G' x G', (gi, g 2 ) ^ (#1? s (#2))- Thus it is enough to treat the two 
cases above. For the latter case, G/P x K/Bk can be written as the triple flag variety 
G'/P[ x G 1 jP' 2 x G'/B>g> and the classification was already given (see Theorem 16.11 and 
[Ste03] ). 

In the rest of this section we assume that G is simple. 

We first consider the case where (G, K) is the complexification of a Hermitian symmetric 
pair, or equivalently the center of K is one-dimensional. In this case, K equals the 
Levi component of a maximal parabolic subgroup of G. Therefore we can choose a 9- 
stable Borel subgroup B of G and a simple root a,{ G II such that K = Lu\{ ai }- Then 
K = Pu\{ ai } H ^m/Q,.}) where P™, , is the opposite parabolic subgroup of Pn\{ ai }- 

Lemma 7.1. Suppose that (G,K) is the complexification of a Hermitian symmetric pair 
and P is a parabolic subgroup of G. Choose a 6-stable Borel subgroup B and a simple 
root (Xi such that K = Ljj\{ ai }- Then G/P x K/Bk is of finite type if and only if G/P x 
G/Pn\{ a .y x G/B is of finite type. Here II \ {aj}* := — w (Jl \ {a^}) for the longest 
element wo G W. 

Proof. The opposite parabolic subgroup ?™, , of -Pn\{ a! } is conjugate to Pu\{ ai }*- Hence 
G / P n\{a l} - G/Pn\ {ai y- We have 

p n~\ K } n b = p~ X{ai} n Pu\ {ai} nB = KnB = B K 

and P«, a .j • B is open in G. Using an argument of |NQ114 Theorem 2], we see that 
G/P x K/B K is of finite type if and only if G/P x G/P u \{ a .y x G/B is of finite type. □ 

By Theorem I6.3I and Lemma [7. 1\ we get a list of G/P x K/Bk of finite type. 

For the remaining pairs (G,K), we use Theorem I4.6I and the classification of spherical 
linear actions by Benson and Ratcliff [BR96] . We carry out a classification according to 
the following procedure. 

(1) For each symmetric pair (G, K) we fix a ^-stable Borel subgroup of B. 

(2) Take a standard parabolic subgroup P and determine I D i and u D g~ e . 

(3) Check whether the (L fl PT)-action on ufl Q~ e is spherical using the list of |BR96j . 

In addition, the obvious dimension condition dim G/P + dim K/Bk < dim K is helpful 
in some cases. We note that the choice of a ^-stable Borel subgroup of B is not unique in 
general and the Lie algebras [ fl 6 and u fl g~ e depend on this choice. For our purpose, it 
is enough to check Theorem 14.61 (3) for one choice of B. 
We give a computation for one example. 
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Example 7.2. Let (g,t) = (e6,f/i). We fix a ^-stable Borel subgroup B corresponding to 
the following Vogan diagram. 




This means that if Q a denotes the root space corresponding to a G A, then we have 
002 5 004 c ^ ^0ai = 8a 6 , and 8Q a3 = g Q5 . 

We now see the dimension condition. Since dim K/Bk = 24 and dim.fr = 52, we must 
have dim G/Pj < 52 - 24 = 28 if G/Pj x K/B K is of finite type. This inequality is 
satisfied for n \ J = {a^ii ^ 4), {a 1: a 2 }, {a 2 , a 6 }, "3}, {"5, «6}, "6}- 

Let n \ J = {«!, a 2 }. Then we have I n t = sp 2 © C 2 and u n Q~ e = Vy © V 2 = C 4 © C 2 . 
Here the action is given in the following way: sp 2 acts naturally on V\ and trivially on 
V2] the center C 2 of I D t acts faithfully on V 2 . Since V\ is Sp 2 -spherical, u fl is 
(L fl il")-spherical. 

Let n \ J = {a h a 3 }. Then we have 1 n t = sl 3 © C 2 and u n = V x © V 2 = C 3 © C 2 . 
Here the action is given in the following way: sis acts naturally on V\ and trivially on 
V 2 ; the center C 2 of 1 fl t acts faithfully on V 2 . Since Vi is S , L 3 -spherical, u fl g~ e is 
[L fl J^)-spherical. 

Let U\J— a 6 }. Then we have I n I = so 7 © C and u n Q~ e = V x © V 2 = C 8 © C. 
Here the action is given in the following way: 507 acts on V\ as a spin representation and 
acts trivially on V 2 ; the center C of [ fl t acts faithfully on V 2 . According to [BR96] . V\ is 
not Spiny-spherical and hence u fl Q~ e is not (L fl ii~)-spherical. 

From the argument above, we can see that G/Pj x K/ Bk is of finite type if and only 
if n \ J = {a>i}(i ^ 4), {«i, a 2 }, {a 2 , a 6 }, {a>i, a 3 }, {«5, "e}- 

We can compute in a similar way for other symmetric pairs and obtain a classification 
ofG/Px K/B K of finite type. 

Theorem 7.3. Let G be a connected simple algebraic group and (G, K) a symmetric pair. 
Let P be a parabolic subgroup of G corresponding to J C n. Then the double flag variety 
G/P x K/Bk is of finite type if and only if the triple (q, t, n \ J) appears in Tabled 

Remark 7.4. For q ~ so 4n , a symmetric subalgebra 6 that is isomorphic to sl 2n © C is not 
unique up to inner automorphisms of g. For (0,1) = (so 4ri ,s[ 2ri © C) in Tabled we take 
(q, t) and a positive system A + in such a way that the Vogan diagram becomes 



ai ol 2 a n - 2 / 
o o o 



pa n -i 



>a r 
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In particular, K is the Levi component Ln\{a„} of the parabolic subgroup Pu\{ a „}- 

Similarly, the subalgebra t of g is not unique for (g,t) — (so 8 ,so 7 ), (so 8 ,so 6 © C), 
(s0s,S05 ©503). In Table El we take (g, t) and positive systems A + in such a way that 
the Vogan diagrams become 




for (g,{) = (so 8 ,so 7 ), (so 8 ,so 6 ©C), (so 8 ,so 5 ©so 3 ), respectively 



s 




n \ j (p = Pj) 


•Sln+1 O O O 


sl n +i 


SO n+ i 




S\-2m 

2m = n + 1 




{ai}(Vi), {ai,a i+1 }(Wi), 
(ai,ai}(Vi), {aj,a n }(Vz), 
{ai,a 2 ,a 3 }, {a n _2, a n _i, «„}, 
{ai,a 2 ,a n }, {a\, a n _i, «„} 


Slp+g 

p + g = n + 1 


Sip ffiSlg © C 

> q > 1 


{«i}(Vz), {aj,a i+ i}(Vz), 
(ai,o;j}(Vi), {a;,a„}(Vi), 

({ai,aj}(Vi, j) if g = 2), 
(any subset of II if g = 1) 


50 2n+l O O O >0 


SOp+q 

p + q = 2n + 1 


SOp ffiso g 
p > g > 1 


{cti}, {a n }, 
(W(Vi) ifg = 2), 
(any subset of II if g = 1) 


o« n _i 

c, n Oil "2 a n-2 / 
S0-2,i O O 


S0 p+g 

p + q = 2n 
n > 4 


^.SOp © so 9 

p > g > 1 


{«i}, {a n _i}, {«„}, 
({«i}(Vi) ifg = 2), 
({a i7 a n _i}(Vi) if g = 2), 
({a f , a n }(Vi) if g = 2), 



^ee Remark El 
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(any subset of II if q = 1) 


so 2n 

n>A 


1 Sin © C 


{«i}, {a 2 }, {a 3 }, {a n _i}, {a n }, 
{ai,a 2 }, {ai,a n -i}, {a u a n }, {a n _x,a n }, 
({a 2 ,a 3 } if n = 4) 


Z>Pn O 0< O 




sl n ©C 


{ai}, {a n } 


S Pp+q 

p + q = n 


sp p © sp g 

p > q 


{«i}, {a 2 }, {a 3 }, {a n }, {«i,a 2 }, 
(KXVi) if g<2), 
({a*>«j}(Vi, j) if g = 1) 


Oi\ «2 «3 «4 
74 o o >o o 


u 


SOg 


{aj, {a 2 }, {a 3 }, {a 4 }, {«i,a 4 } 


a 2 
o 

^6 O O O O 


e 6 


sp 4 


{ai}, {a 6 } 


e 6 


st 6 ffisl 2 


{ai}, {a 6 } 


e 6 


soio © C 


{«i}, {"2}, {"3}, {"5}, {"e}, {tti,tte} 


ee 


u 


{«i}, {« 2 }, {a 3 }, {<y 5 }, {ae}, 
{ai,a 2 }, {a 2 ,a 6 }, {a 1; a 3 }, {a 5 ,a 6 } 


o 2 

o 

Oil QJ3 «5 «6 CC7 
C 7 O O o o o 


e 7 




{a 7 } 




SO12 © Sl 2 


{«7> 


£7 


e 6 ©C 


{ai}, {a 2 }, {a 7 } 



Table 2: i^-spherical G/P 
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8. Classification of G-spherical G/Q 

In this section, we give a classification of the triples (G, A, Q) such that G/B x K/Q 
is of finite type. As in the previous section, it is enough to consider the two cases: 

• G is simple; 

• G = G' x G', A = diag G', and G' is simple. 

In the latter case, G/B x K/Q can be written as the triple flag variety G' /Be x G' / Bqi x 
G'/Q and the classification was already given (see Corollary 16 .4p . 
In what follows we assume that G is simple. 

We first consider the case where (G, K) is the complexification of a Hermitian symmetric 
pair. We choose a ^-stable Borel subgroup B of G and a simple root (3 G II such that 
K = Lji\{/3}- Since rankG = rank A', we have T = Tk- Therefore the set of simple roots 
Uk for A can be regarded as a subset of II and then IT = IIr- U {/?}. 

Lemma 8.1. Suppose that (G,K) is the complexification of a Hermitian symmetric pair 
and Qj K is the parabolic subgroup of K corresponding to a subset Jk C n#(c II). Choose 
a 9 -stable Borel subgroup B and a simple root (3 such that A = Lu\{/3}- Then G/B x 
K/Qj K is of finite type if and only if G/B x G/Pj K x G/Pn\{/3}* i> s of finite type. 

Proof. The opposite parabolic subgroup -Pq\{/3} * s conjugate to Pu\{py and hence 
G / P n\{/3} - G / P n\{py- We have 

p n\ W n p jk = Pu\ m n p n\m n Pj k = a n p Jk = q Jk 

and -Pn\{/3} ' P Jk ^ s °P en in G. Hence the lemma follows from |N011l Theorem 2] (see also 
[KNOT12] ). □ 

By Theorem 16.31 and Lemma f8.lt we get a list of G/B x K/Q of finite type. 
For the remaining pairs (G, A), we use Theorem 15.21 and the classification of spherical 
linear actions in [BR96] . We carry out a classification according to the following procedure. 

(1) For each triple (G, A, Q) we choose a ^-stable parabolic subgroup of P' such that 
P' n A = Q. 

(2) Determine the Lie algebras I', I' (It and (u')~ e . 

(3) Determine m' (see Theorem 15. 2p and check whether the Mg-action on (u')~ e is 
spherical using the list of [BR96j . 

The dimension condition dimG/B + dim K/Q < dim A is also helpful in some cases. 
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Example 8.2. Let (g,$) = (*6>f4)- We label the simple roots for K and for G as in the 
following diagrams. 



o— 



n 2 
— o= 



a 3 



CK4 
— o 



01 03 



02 
o 



04 



05 06 



Since dimG/B = 36 and dimil" = 52, we must have dim K/Q < 52 — 36 = 16 if 
G/B x K/Q is of finite type. This inequality is satisfied for Uk \Jk — {cti}, {c^}- 

Let \ Jr = {cti}- Then we can take P' as P' = Pn\{/3 2 }- We have I' = sIq © C, 
I'nt — 5p 3 © C, m' = sl 2 ©sl 2 ©st 2 © C, and (u'y 8 = C 2 © C 2 © C 2 © C. Here the action is 
given in the following way: each factor 5[ 2 acts naturally on one component C 2 and acts 
trivially on the other components; the center C of [' fl C acts faithfully on C. Since C 2 is 
S , L 2 -spherical, (u')~ e is Mo-spherical. 

Let ITr- \ J K — {a 4 }. Then we can take P' as P' = Pn\{/3i,j8 6 }- Since G/P' x Kj B K is 
not of finite type, G/B x K/Qj K is not of finite type by Corollary 15.31 

Therefore, G/B x K/Q Jk is of finite type if and only if ITr- \Jr = 

We can compute in a similar way for other symmetric pairs and obtain a classification 
of G/B x K/Q of finite type. 

Theorem 8.3. Let G be a connected simple algebraic group and (G, K) a symmetric 
pair. Let Q be a parabolic subgroup of K corresponding to C U K . Then the double 
flag variety G/B x K/Q is of finite type if and only if the triple (g, t, Uk \ Jr) appears 
in Tabled 

Remark 8.4. For some pairs (g, I) in Tabled the labeling a%, . . . , a n of the simple roots for 
t is not unique. In order to fix this, we take a ^-stable Borel subgroup B' of G containing 
T and give a label a>i, . . . , a n in terms of the Vogan diagram for (G, B', K). We remark 
that P' is not necessarily standard with respect to B' . 

For (g, t) = (sl p+q+ 2,sl p+ i ©sl g+ i © C) in Table El we can take B' such that the Vogan 
diagram for (G, B', K) becomes 

01 0p 0p+l 0p+2 0p+q+l 
O O • O O 

We put CKj := 0i for 1 < i < p and a p+i := p+ i + i for 1 < i < q so that ai, . . . , a p+q form 
a set of simple roots for K. 
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For (g,t) = (s02n+2,S02n © C) in Table El we can take B' such that the Vogan diagram 
for (G, B', K) becomes 



Pi $2 Pn-1 
• o c 



°Pn+l 

We put «j := (3 i+ i for 1 < i < n so that ai,...,a n form a set of simple roots for K. 

For (fj, I) = (so 2 n+i7"S0 2n ,) in Tabled we can take B' such that the Vogan diagram for 
(G, B f , K) becomes 

Pi Pn-l Pn 
o o > • 

We put oti := Pi for 1 < i < n — 1 and a n := P n -i + 2/3 n so that or, . . . , a n form a set of 
simple roots for K. 

Remark 8.5. In Table [31 we also describe the -fT-module g~ e . We write Ui G t* K for the 
fundamental weight corresponding to and write V(A) for the irreducible i^-module 
with highest weight A. 








0" 9 (See Remark [83]) 


n K \ j k (q = q Jk ) 


n > 2 






o o o< o 

({a 3 } if n = 3), 
(any subset of Tlx if n = 2) 


Slp+q+2 

p + q > 1 


5l p+ l ©S[g+1 ec 

p > q 


(7(ui)9%) if g = 0) 


a\ a.2 a p 
o o o 

Otp+1 a p+ 2 0>p+ q 
o o o 

{a>i}, {a p }, {a p+ i}, {a p+q }, 

({ai}(Vi) if g = l), 
(any subset of Uk if = 0) 








pot n -i 


502n+2 


S0 2 „ © C 


V(wi)0V(wi) 




n > 3 






bQ! n 

{ttn-l}, K} 
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S02n+1 

n > 3 


S02n 




oa n „i 

ttl «n-2 / 
o o 

any subset of Hk 


n > 3 


S02n+1 




Oil «n-l a n 
o o >o 

any subset of Tlx 


n > 3 


aln+i © C 


v(u 2 ) ©y(o; n _i) 


o o o 

{ai}, {a n } 


5 Pp+q 


5p p © Sp g 

p > q > 1 


+ w p+ i) 


ai a P~ l a P 
o o< o 

a p+ i a p+q-l a p+q 
o o< o 

{ai}, {a p +i} 5 

(W+J if 9 < 3), 

({a p } if p < 3), 

({a p } if?<2), 

({ai,a 2 } if p = 2), 

({a p+ i,Q p+ 2} if g = 2), 

({ai}(V£), {a^OjXVi, j) if g = 1) 


u 






ai Q2 «3 a 4 
o o o >o 

{ai}(Vz), {ai,a 2 } 




soio © C 


V(w 4 ) © V(w 5 ) 


oa 4 

ai a2 «3 / 
o o o 

bQ!5 

{«l} 




f4 


K(w 4 ) 


ai Q2 «3 a 4 
o o >o o 

{ai} 



Table 3: G-spherical G/Q 
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